Missouri University of Science and Technology

Scholars' Mine
Electrical and Computer Engineering Faculty
Research & Creative Works

Electrical and Computer Engineering

01 Feb 1996

The Multirate Simulation of FACTS Devices in Power System
Dynamics
J. G. Chen
Mariesa Crow
Missouri University of Science and Technology, crow@mst.edu

Follow this and additional works at: https://scholarsmine.mst.edu/ele_comeng_facwork
Part of the Electrical and Computer Engineering Commons

Recommended Citation
J. G. Chen and M. Crow, "The Multirate Simulation of FACTS Devices in Power System Dynamics," IEEE
Transactions on Power Systems, vol. 11, no. 1, pp. 376-382, Institute of Electrical and Electronics
Engineers (IEEE), Feb 1996.
The definitive version is available at https://doi.org/10.1109/59.486121

This Article - Journal is brought to you for free and open access by Scholars' Mine. It has been accepted for
inclusion in Electrical and Computer Engineering Faculty Research & Creative Works by an authorized administrator
of Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including reproduction for
redistribution requires the permission of the copyright holder. For more information, please contact
scholarsmine@mst.edu.

IEEE Transactions on Power Systems,Vol. 11, No. 1, February 1996

37 6

E MULTIRATE SIMULATION OF FACTS DEVICES IN POWER
SYSTEM DYNAMICS
M. L. Crow (Senior Member) and J. G. Chen (Member)
Department of Electrical Engineering
University of Missouri-Rolla
Rolla, MO 65401

Abstract
In this paper, the multirate method is applied i o the problem of simulating the dynamics of a power system which
contains fast components such ab induction machine loads
and FACTS devices. Results concerning fhe numerical stability and accuracy of the multirate method are presented.
Implementation concerna are also addressed b y studying
an ezample power system which contains a wide range of
tame response behavior.
Key Words: Power system dynamics, computer simulation, multirate methods.
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Introduction

controlled devices. Usually only a small portion of the
system is f i s t e d by the fast dynamics of these devices,
yet the integration time step of the entire system must
remain small in order to capture the fast dynamics, thus
computational efficiency is lost.
This paper will discuss the use of the multirate method,
first proposed in [2], for the simulation of power system
dynamics. The potential of multirate methods for analyzing power system dynamics was first reported in [3],
and further developments will be discussed in this paper. First, the possibility of n-time scales is explored,
rather than simply two time scales. Second, all integration methods are implicit, rather than differentiating between implicit methods for fast time scales and explicit
methods for the slow time scales. Lastly, the problem of
incorporating systems of differential/algebraic equations
is addressed. Specifically, this paper will explore the a p
plication of the multirate methods for the simulation of
differential/algebraic power system models containing fast
switching FACTS devices and induction machine loads.

At the 1994 Summer Meeting of the Power Engineering
Society of the Institute of Electrical and Electronics Engineers (IEEE), the Working Group on Dynamic Security Assessment outlined the requirements of an on-line
dynamic security assessment application [I]. It is forecasted that a typical dynamic security assessment application will require a time-domain simulation (TDS) of 30
possible contingencies every 20-30 minutes. Each of these
The Multirate Algorithm
contingencies will be simulated for up to 30 seconds each. 2
Thus, real-time or near real-time simulation will be required in the next generation of Energy Management Sys- Traditionally, variable-step methods have been used for
tems (EMS). Modelling accuracy in these simulations is power system simulation [4][5]. Under certain modelling
paramount in order to detect any potential instabilities. constraints such as induction machine loads or FACTS deThus, any TDS must include accurate models for indus- vices, these methods may not be the most computationally
trial loads (which are primarily comprised of induction efficient methods for TDS. For example, consider a varimotors) and any system control devices. Several types able step method for the simulation of a stiff system. The
of switched thyristor control devices are being introduced integration step size is predicted a t each time step based
into the power network. These devices have become to on the estimation of the accuracy of the numerical sohbe known as FACTS (Flexible AC Transmission systems) tion. If the system contains rapidly varying states, then in
and encompass a broad spectrum of power system devices, order to insure sufficient numerical accuracy, a small intesuch as Static Var Compensators (SVCs), high-voltage dc gration step size must be used. The size of the integration
time step is usually selected based on an estimation of the
(HVDC) lines, and phase shifting transformers (PSTs).
One major impediment to the time domain simulation error incurred at that step (the local truncation error or
of a power system which includes FACTS devices and in- LTE). If the system has rapidly decaying transients, the
duction machine loads, is the computational complexity small time steps may be replaced by larger time steps afinvolved due to the fast switching action of the thyristor
ter the transients have decayed, while still maintaining the
same level of desired accuracy. However, if the transient
effects are only lightly damped, the small time steps will
persist for a longer simulation interval. In this case, computational efficiency is lost if a variable step method is
used. Power systems containing induction machine loads
or FACTS devices are such systems in which the fast transient effects persist.
This problem may be overcome by using the multirate
This p a p was presented at the 1995 IEEE Power Industry
algorithm for integration. A multirate algorithm for inComputer Applications Conference held in Salt Lake City,
tegrating ordinary differential equations is one in which
Utah,May 7-12, 1995.
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Figure 1: Three time scale example

different equations are integrated by using different step
sizes. This method is well suited for stiff systems in which
there is sustained oscillatory behavior or systems in which
only a few faet modes are frequently perturbed. The basic principle of the multirate method is the integration of
each variable with an integration step size which is necessary and sufficient for the required accuracy, which is
usually based on some prediction of the local truncation
error. The coupling between the different parts of the
differential equations is maintained by approximating the
slowly varying solution components. The multirate a l g e
rithm can best be explained graphically. Consider Figure 1 which givea an example of a three time scale s e p
aration. Note that each variable is integrated with the
step size which is appropriate for its time response. The
fastest varying state y l ( t ) is integrated a t every time step
h l , the next state ya(t) is integrated at every time step
ha = 2h1, and the slowest state y3(t) is integrated at every
ha = 2ha = 4hl time steps. Note also that not all states
are available at the desired time (those marked by the x
symbol in Figure 1) and must be approximated. The simplest approximation is a linear interpolation between calculated values. Computational efficiency is gained when
there is a small number of fast states. Thus, the whole
system need only be solved infrequently compared to the
solution of the much smaller fast subsystem. Computational accuracy is maintained if the step sizes are chosen
with respect to some criteria such as local truncation error,
and if the interpolation of the slow subsystem is accurate,
within the same error tolerance.
Although multirate methods are conceptually simple,
there are still many problems and open questions regarding their theory, formula, and implementation. The numerical properties of consistency, stability, and convergence of traditional variable-step/multi-step methods have
been studied and well documented [6].Although offering
far greater computational efficiency, multirate algorithms
must be implemented with care, since they do not necessarily share the same numerical robustness of the variablestep/multi-step methods from which they arise. This issue
was first discussed in [7] and will be further developed in
this paper.

Consistency, Stability, and
Convergence

The multirate method is based on the well-known multistep methods. Multi-step methods are chosen for several
reasons. Firstly, they are implicit methods which exhibit
the desired properties of consistency and stability for a
wide range of integration step size. In order to ensure convergence of any integration algorithm, the algorithm must
satisfy two constraints. The algorithm must be consistent (i.e. the LTE must go t o 0 as the integration time
step goes to 0) and the algorithm must be stable (which
essentially insures that any errors incurred do not propagate throughout the solution). These properties are well
understood for multi-step methods up to order 6.
The convergence of an integration method is defined as
the property by which the computed solution (of a Lipschits function) can be made arbitrarily close to the true
solution by picking an integration step size h smallenough.
Rather than directly proving the convergence of an integration method, it is sufficient to prove that the method
is both consistent and stable, which when taken together,
yield a convergent solution.
Consistency is not sufficient to guarantee that a numerical integration method is convergent. Consistency only
insures that the local errors are small, but does not indicate anything about how the errors propagate from one
time step to the next. To insure convergence, it must be
verified that the numerical integration method is stable.
Stability means that a small perturbation in the computed
value will cause only a bounded change in the solution
within the time frame of interest as h is reduced to zero.
More formally:

Definition A numerical integration method w stable for
first order equations if, for any first order equation satisfying a Lipschitz condition, there ezist constants K 5 00
and & such that

f o r all 0 5 t 5 b and all h = ( y )E ( 0 , b),where
and ~ ' ( T M are
)
two numerical solutions.

~(TM)

The trapezoidal-multirate method applied to linear systems satisfies this criterion. Consider the 2 x 2 system:
5(t)=

[

aai

aaa

]

r(t),

where c1 may be considered to be "fast" and za is "slow."
Applying the multirate algorithm, the states at any time
t +me h may be related by the companion matrix M ( m , h)
to the states at time t :

z(t + rn * h) = M ( m , h ) z ( t )
where m is the ratio of the slow time step to the fast
time step h. Note that in this formulation, rn must be an
integer. The companion matrix is given by:
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where

thus this is numerically unstable even though the largest
time step rnh = 0.8 is no larger than the time step htrap.
In fact, h must be decreased to 0.1525 for the multirate
method to be stable.
Due to the inconsistency in time step behavior, it is desirable to relate the step size h, the ratio rn, and the system
coefficients all, 411,a21 and ala directly to the eigenvalues
of M(m, h) in order to ascertain whether or not a chosen
time step and step ratio will result in numerical stability.
The matrix M(m, h) is guaranteed to have eigenvalues
within the unit circle if one of the following conditions is
sat isfied:
1. if M;l - 2MllM12 Mil 4Ml2Ml1 < 0 (complex
Mia 2MllM11 5 2A2
eigenvalues) and M;l

..

+

with

P1

=

and

mhaa
01 = 1l +-mho22

+

+

2. if M;l - 2M11Mai +Mil

+

+ 4M1lMa1 > 0 (real eigen-

values) and

'

The definition of stability is satisfied if IlAll < 00 (which
implies that q, < M V i , j E [I,.. .,.I)
and for any
h < & = r n i n(111
[ l , A].
If h is chosen smaller than
mala
& then the companion matrix M is bounded by some finite number K and thus the trapezoidal-multirate method
satisfies the definition of stability. This analysis can be
generalized to a system containing n timescales, in which
case h < & = rnin[&],
1 5 i 5 n, where Ci =
and
h,, is the largest time step and hl is the smallest.
Any convergent method may be used to approximate a
solution within the desired degree of accuracy by choosing
extremely small time steps, but this is very inefficient. Numerical stability as stated previously only guarantees that
the errors introduced at each time step remain bounded as
the solution progresses through time. A "stronger" form
of stability is abroluie sfability. The region of absolute
stability for a numerical integration method applied to a
linear system of equations is the set of values of h and X
for which a perturbation in a single value will produce a
change in subsequent values which does not increase from
step to step, where X is set of eigenvalues of the linear
system of equations. An integration method is called Astable if the region of absolute stability includes the entire
left-half plane of C. In other words, if an A-stable numerical integration method is applied to a stable linear system
of equations, it is numerically stable for all choices of step
size h. If a method is A-stable, then it is numerically robust and the integration time step can be safely chosen by
considering only the local truncation error.
Absolute Stability of the integration method is guaranteed if the eigenvalues of the matrix M(m, h) lie on or
within the unit circle in the complex plane. In some cases,
using the multirate method may cause numerical instabilities that are not present in the underlying trapezoidal
method. For example, consider the system i = A z where

5

+
+

Mia 1 215 and M n M a - MiiMai 2
A (A - (Mi1 Mia)) or
(b) if MII Ma1 5 2A and MiaMii - M1iMn 5
A (A - (Mu Mll))
Note that if tn = 1, either condition 1 or 2 above must
hold, since the trapezoidal method is stable even as h 4
(a) if Mi1

+
+

These conditions are rather arduous to trace back to
the original A matrix, but several trends can be noted.
Since the system under study is considered to have a
slow subsystem and a fast subsystem, it is reasonable to
assume that the slow subsystem is not strongly coupled
to the fast subsystem. Therefore, consider the case where
011 = 0, which would be the case if the slow subsystem
were completely decoupled from the fast subsystem. If
011 = 0, then Ma1 = 0 and A = 1. Condition 1. stated
previously would become

00.

Thus, as h --+ 0, this condition may be simplified to

(3)
This inequality is obviously satisfied if both 1011 5 1 and
lpll 5 1 hold. These inequalities will hold if both all < 0
and a22 < 0. Consider now the case where all > 0, and
subsequently
> 1. The inequality (3) may still hold,
but only for rn small and I&1 << 1. Conversely, however, if
IPlI > 1 and I&I < 1 this inequality may hold for a large
range of rn. Considering the matrix A, requiring 011 < 0 is
intuitive. Since the fast subsystem is solved in a decoupled
manner from the slow subsystem, the "eigenvalue" of the
fast subsystem all must be negative, otherwise the fast
subsystem would immediately exhibit unstable behavior.
As an example of this behavior, consider the following
stable linear system where

4 -9
A = [ 7 -51
This system is stable with eigenvalues -0.5 f j6.5383.
Thus, the trapesoidal method is stable for any h. If
htrap= 0.8, the maximumeigenvalue of the corresponding
M(h = 1) is 0.9505 < 1. If the multirate method is used
with rn = 2 and h = 0.4, then
maz (eig (M(2,0.4)))= 1.3276 > 1

(4)
in which all > 0 and a21 is small compared to 011. For
small rn, it is expected that the multirate method will be
stable, even though lPll > 1, since IPlI << 1. Indeed this
is true. For h = 1, the multirate method is stable for
rn = 1,. ,4. If, however, the system is rearranged:

..

A=

[

-0.5
-11

0.1
0.21

(5)
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5

and

Load

all lines R+jX = O.Ol+jO.Oi,

jBn = 0.005

except Xz6 = XsL

Xes = X T - X S L
Figure 2: Example Power System
For h = 1, the multirate method is stable for all m,since
lpll = 0.6 and [&I = 1.002,and any m will satisfy (3).
Although the underlying trapezoidal algorithm is Astable, the multirate method does not satisfy A-stability.
However, it is believed that it is possible to find a region of
absolute stability, dependent on the step size separations,
such that it can be established that if all step sizes fall
within that region, the multirate method will be stable.
Future work is progressing in this area.

4

Implementation Issues

The issues associated with implementing the multirate algorithm for the simulation of the dynamics of power systems containing FACTS devices will be discussed in context with the test system shown in Figure 2.
This system contains a two-axis model generator including the governor and turbine, an IEEE DC-I type
exciter/AVR [a], an IEEE Basic Model I SVC [9], a thirdorder induction machine load [lo], and a constant PQ load.
The model of the system is:

n

Two-Axis Generator Model
6 =

o = V l a B , . j - ~ 4 C V k ( g , ~ 8 i n B ~ k -b4kcose4k)

W-W#

(6)

Mw = T M + Vl
-

4

( E & c o a ( 8 1 -6)+E:sin(81

-6))

(7)

(26)

k-1

Network Equations
n

0

- v;

=

vj, (gik CO8 8;k + bik Sin 8 ; k )

(27)

- b;k COS8ik)

(28)

k=l
n

(9)
0

=

QL,

- v;

v k (9;k Sin&),
k=l

where i = 2, 3, and 6.

4.1

Turbine / Covernor Model

Time Responses

This system is comprised of a wide range of time responses.
The eigenvalues of the system at steady-state are shown
in Figure 3. There are four sets of complex eigenvalues,
giving rise to four modes of oscillatory behavior. These
sets of eigenvalues are summarized in Table 1. These sets
of eigenvalueii give rise to three distinct time frames of
interest:

5 0.05
5 0.50
0.5 5 t 5 100.

05 t
0.05 5 t

seconds
seconds
seconds
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are now considered to be relatively constant, or "slow." In
this time frame, the fast variables are those variables associated with the induction machine, particularly the slip
variable. Once again, after about 0.5 seconds, the partitions are once again adaptively altered, to account for
the decay of the slip transient. After this point, the two
main responses are those of the induction machine voltage (fast) and the remainder of the power system states
.

0 s

.

.

.

,

.

,

.

.

Figure 3: Eigenvalues of the example system
Table 1: Complex Eigenvalues of the example system
-6.72
-4.27
-1.04

(a): Step Response of Bsvc

-+ j26.68
f jl.01
f j0.53

The responses of selected states to a step change in load
at bus 3 are shown in Figure 4. The fastest response
are the modes associated with the SVC. This response is
shown in Figure 4(a) for 0 5 t 5 0.05 seconds. Although
highly oscillatory, these modes are also highly damped.
The same is true for the induction machine slip s which is
shown in Figure 4(b) for 0 5 t 5 0.5 seconds. From Table
1, there are also two sets of eigenvalues which are quite
close to the imaginary axis, yielding oscillatory behavior
which is considerably slower than the fastest modes. These
responses are shown in Figure 4(c) and Figure 4(d). Figure 4(c) shows the induction machine voltage response for
0 5 t 5 25 seconds and Figure 4(d) shows the generator
electromechanical speed response which is much slower in
scope than any of the previous modes.
These wide variances in time response indicate that a
constant step size approach to integration would be extremely inefficient. However, due to the well-damped
nature of most of the oscillatory modes, an LTEbased
variable-step integration approach would be appropriate.
However, the presence of the sustained oscillation in the
induction machine variables is well suited for the multirate/LTE method. This system exhibits three very well
defined time scales which may be exploited by the multirate method. In the differing time frames, different variables may take on different qualitative behavior. In the
fast time frame, the variables B,,f and Bsvc are fast, but
they quickly decay to a constant value. Thus, in the second time frame, they now become slow variables, and the
slip and exciter variables are fast. This process may be
repeated out to any time frame of interest.
Figure 5 shows the relationship between the various
time steps for the first portion of the integration inter0.05
val of the example system. Note that €or 0 5 t
seconds the "fast" time step is very small to account for
the extremely fast response of the SVC. For the region
0.05 5 t 5 0.5 seconds, the "fast" time step is much larger
as the SVC transients have died out and the SVC variables

<

(b): Step Response of slip
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.

B

.
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.
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(c): Step Response of ER

(d): Step Response of w
Figure 4: Step response of the example system
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Figure 5: Multirate time step comparison
(slow). Note that in this example, these are the responses
to a step change in load. A similar, but more pronounced
effect, would be d i e v e d from a contingency study. The
multirate method would ais0 be well suited for mid-term
dynamic studies in which continual perturbations such as
relay operations and tap changes are constantly exciting
the fast modes of the SVC and induction machine.

4.2

Partitioning Strategies

Using normaliied LTE values, the partitioning of the state
variables of the the system may be performed. One approach to partitioning has been investigated in depth.
Thia is termed the 'top down" approach to partitioning.
The top down approach chooscs the fasteat varying variable (i.e. that state with the largest normalized LTE).
This LTE is the upper bound of all LTEs, and is therefore denoted BU. This will then define the grouping of
she FAST subsystem. From here the user may define a
step size ratio between the FAST subsystem and the next
subsystem (this subsystem will be called MEDIUM for illustration purposes, but it ia possible to have more than
three partitionings). This ratio is denoted by Rj-m (Ratio of fast to medium). Similarly, a ratio of the medium
to slow subsystems can be &-,. Then, by scanning the
LTEs associated with all states, the partitions become:

1. FAST: all states with an LTE

> &,
BU

2. MEDIUM: all states not in FAST but with an LTE

Step Size Selection

The step size for each time step may be optimized by
choosing the largest possible value of h for which the local truncation error remains bounded by a user-specified
maximum allowable error. For the trapezoidal integration
method, the local truncation error (LTE) is:

The derivative

$#

may be approximated by

d.3(e) M
dt3

(k + l)!Vl+lZn+l

where k is the order of the trapezoidal method (k = 2)
and n is the time step interval. Thus, the LTE can be
approximated by

3. SLOW: all states not in FAST or MEDIUM
For example, if it is defined that a step size ratio of 5:l is
desired between fast and medium (i.e. 5 fast time steps per
every 1 medium time step), then the FAST group would
contain all states which had an LTE > f B U = 0.008BU.
similarly, if a step sbe ratio of 1O:l between medium and
slow is desired (or 50:l between fast and slow) then the
MEDIUM group would contain all states which had an
LTE > &&BU = 0.000008BU. In a generalized system,
this partitioning approach would continue until all states
had been assigned a partition. As a rule of thumb, the
authors found it best to choose a ratio of at least 4. With
any smaller ratio, the overhead computations required for
the multirate algorithm outweigh the benefits derived,
unless the time scale separation is "sufficiently large."
In the example system, a ratio of Rj-,,, = 5 and
&,, = 5 yielded the followingseparation (all given LTEs
are 106x the actual LTE):

LTE
where zn+l is the state variable at timet = &,+I, &+, =
tn+l-tncTn+l= & + I + & , Wdbn+1 = h + l + L + & - l For each state, the following test is applied:

1. if (BL5 LTE <_ Ba) then PASS; hnew

=h

5 B L ) then PASS; hnew = ah
3. else if (LTE 2 B v ) then FAIL; hnew = ah
2. else if (LTE

where

Bavg

=

Bt + Bu
2

and BL and B u are the lower and upper bounds on the
allowable error, respectively. If even one state has a FAIL,
the step size is adjusted accordingly and each state is
reevaluated at the new time. For this reason, it is desirable to minimize the number of FAILS.

B,,,

19.5245
42.6315
1760.1041
25.3298

MED

Ejd

ER

LTE

0.0856
0.5579
0.0108
0.0113

SLOW

0.0000
0.0000

TM
PCH

0.0000

Psv

0.0000

which is what would be intuitively expected, given the previous analysis of the system and the natural magnitudes
of the LTEa. If a smaller ratio than 5 had been specified
(such as 3), then 4 groups would have formed, with BtC,
in a partition alone.
The next step in the partitioning process is to partition
the algebraic variables. The algebraic variables do not
have ab LTE associated with them. If the LTE formula
is applied to the algebraic variables directly, very large
LTEs are obtained, due to the fact that the algebraic variables can be assumed to change "instantaneously," which
of course would yield a large LTE. For example, the algebraic constraints on the system
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